QCD coupling which respects lattice restrictions at low energies by Ayala, Cesar
Nuclear and Particle Physics Proceedings 00 (2018) 1–6
Nuclear and
Particle Physics
Proceedings
QCD coupling which respects lattice restrictions at low energies ∗
Ce´sar Ayalaa,1
aDepartment of Physics, Universidad Te´cnica Federico Santa Marı´a, Casilla 110-V, Valparaı´so, Chile
Abstract
We consider a phenomenologycal parametrization of the QCD running coupling which arises from the dispersion
relation respecting the holomorphic properties of the physical QCD observables in the complex momentum plane.
The parameters are fixed by the following requirements: 1) at enough high energies, it reproduces the underlying
perturbative coupling, 2) at intermediate energy momenta, it reproduces the experimental semihadronic tau decay
ratio, and 3) in the deep IR regime, it satisfies the qualitative properties coming from recent lattice results. Finally,
we apply this new coupling to low-energy available experimental data. In particular, to Borel sum rules for τ-decay,
extracting the values of the dimension 4 and 6 condensates, to the V-channel Adler function, and to polarized Bjorken
Sum Rule.
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1. The method: Constructing the Holomorphic
Coupling
We present a generalization/extension of the pertur-
bative QCD running coupling under the assumption that
it has a physical branch on the negative semiaxes of the
Q2-complex momenta plane, elsewhere it is a holomor-
phic function of Q2. On the other hand, this coupling
should satisfy the asymptotic freedom. These assump-
tions can be implemented via dispersion relation with
the application of the Cauchy theorem to the integrand
A(Q′2)/(Q′2 − Q2), i. e.
A(Q2) = 1
pi
∫ ∞
σ=M2thr−η
dσρA(σ)
(σ + Q2)
(η→ +0), (1)
where ρA(σ) ≡ ImA(−σ− iε) is the discontinuity func-
tion (spectral function) ofA along the cut.
For different choices of M2thr > 0, we recover differ-
ent known approaches. Between the most known are
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Fractional Analytic Perturbation Theory (FAPT) [1, 2];
Massive Perturbation Theory (MPT) [3] and Mδ ana-
lytic QCD (MδanQCD) [4–6]. In these models, the
threshold squared mass is
M2thr =

−Λ2QCD , pQCD
0 , (F)APT
m2gl − Λ2QCD ,MPT
∼ m2pi ,MδanQCD
(2)
Note that in pQCD and (F)APT ρA(σ) = ρa(σ), and
MPT is defined fromAMPT ≡ a(Q2+m2gl). Here a(Q2) =
αs(Q2)/pi In this work we will present and use a new
coupling for the last case, i.e., 3δanQCD [5, 6].
We define the unknown low-energy part of the in-
tegral (1) in the range M2thr < σ < M
2
0 (∼ 1 GeV2)
as ∆AIR(Q2). This integral has the same structure as
a Stieltjes function [7]. Then we can use a theorem
that guarantees the convergence of a sequence of Pade´s
[M − 1/M] to ∆AIR(Q2) as M → ∞. [M − 1/M] is a
polynomial in Q2 of power M − 1 divided by a polyno-
mial of power M. Therefore,
∆AIR(Q2) ≡ 1
pi
∫ M20
σ=M2thr
dσρA(σ)
(σ + Q2)
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=
M∑
j=1
F j
Q2 + M2j
. (3)
And for σ from M20 to infinity, we recover the perturba-
tive discontinuity ρa(σ). That corresponds to
ρA(σ) = pi
M∑
j=1
F j δ(σ−M2j )+Θ(σ−M20)ρa(σ) , (4)
where Θ is the Heaviside step function. Then, the con-
sidered couplingA(Q2) is parametrized as
A(Q2) =
M∑
j=1
F j
(Q2 + M2j )
+
1
pi
∫ ∞
M20
dσ
ρa(σ)
(Q2 + σ)
.(5)
The coupling (5) has 2M + 1 free parameters F j, M2j
( j = 1, 2, . . . ,M) and M20 .
In order to have a good estimation of the running
coupling, the question is: how many delta functions
are appropriate (sufficient) for reproduce the physics at
Q2 . 1GeV2?.
Before we answer this, let us show the main proper-
ties that a possible candidate for a new universal cou-
pling should have:
(i) Reproduce the high-energy QCD phenomenology
as obtained from perturbation theory. This re-
quirement can be written as
A(Q2) − a(Q2) ∼
Λ2QCDQ2
Nmax , (6)
for |Q2| > Λ2QCD, Nmax > 1 sufficiently large, and
A(M2Z) =
αs(M2Z)
pi
= “world average′′ (7)
This is obtained from the world average value in
the MS-scheme, e. g. αs(M2Z ,MS) ≈ 0.1185 [8].
In Eq. (7) we should change the scheme according
to our needs.
(ii) Reproduce the intermediate-energy QCD phe-
nomenology, by requiring that the main features
of the semihadronic τ-lepton decay physics be re-
spected. Stated otherwise, we will require that the
approach with the coupling A(Q2) reproduce the
experimentally suggested value of the V+A semi-
hadronic τ-decay ratio parameter r(D=0)τ ≈ 0.20
[9, 10]. This is the QCD part of the V+A τ-
decay ratio Rτ = Γ(τ− → ντhadrons(γ))/Γ(τ− →
ντe−ν¯e(γ)), where the hadrons are strangeless
(∆S = 0) and the quark mass effects and other
(small) higher-twist effects are subtracted, i.e., it
is the dimension D = 0 strangeless and massless
part.
(iii) Satisfy some qualitative and/or quantitative prop-
erties of the coupling in the deep-IR region when
Q2 → 0. In general, we have three dif-
ferent possibilities inspired by different physi-
cal/mathematical evidence. These are: IR-finite
coupling (freezing); infinite effective coupling that
reproduces confinement already at one loop level,
and vanishing coupling inspired by lattice simula-
tions. In this report, we will consider the last case,
where the coupling should behave asA(Q2) ∼ Q2
at Q2 → 0.
2. Phenomenology: Fixing Parameters
Now, we should take some decisions. The first (high-
energy) condition (i) implies fixing the precision with
respect to the underlying pQCD coupling, i.e., while
Nmax increases our precision increases too. We will use
Nmax = 5, which imply the following four equations (for
the elimination of four free parameters).
1
pi
∫ M20
−Λ2QCD
dσσkρa(σ) =
3∑
j=1
F jM2kj , (8)
with k = 0, 1, 2, 3. The world average value will fix
our ΛQCD scale or equivalently, the underlying pQCD
coupling a(Q2) and thus ρa(σ).
The second (intermediate-energy) condition (ii) will
fix us one free parameter by the semihadronic τ-lepton
decay physics. The considered quantity r(D=0)τ is time-
like, but it can be expressed theoretically, by using the
Cauchy integral formula, by means of a spacelike quan-
tity called (leading-twist and massless) Adler function
d(Q2; D = 0) [11, 12]:
r(D=0)
τ,th =
1
2pi
∫ +pi
−pi
dφ (1+eiφ)3(1−eiφ) d(m2τeiφ; 0) .(9)
The Adler function d(Q2; D = 0) is a derivative of
the quark current correlator Π: d(Q2; D = 0) =
−2pi2dΠ(Q2; D = 0)/d ln Q2 − 1, in the massless limit.
Its perturbation expansion is known up to ∼ a4 [13] and
rewritten in terms of the new coupling. The expansion
in terms of the holomorphic coupling is different from
the perturbative one due to nonperturbative nature of the
theory, i. e., the analogs of the pQCD powers a(Q2)n are
specific functionsAn(Q2) [, A(Q2)n]
d(Q2; D = 0) ≡ d(Q2, µ2; D = 0)[4]an + O(A5)
= A(Q2) + d1A2(Q2) + d2A3(Q2)
+ d3A4(Q2) + O(A5). (10)
The power analogs An(Q2) from A(Q2)(= A1(Q2))
were constructed in general holomorphic theories from
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A(Q2) by using renormalization group equations (RGE)
Ref. [14] for integer n and in Ref. [15] for general real
n.
The third (low-energy) condition (iii) depends on
what approach we will consider. We will take in this
regime the information from the lattice simulations [16]
of the Landau gauge gluon Zgl(Q2) and ghost Zgh(Q2)
dressing functions. These simulations were performed
with large physical volume and high statistics, giv-
ing presumably reliable results in the low-momentum
regime 0 < Q2 < 1 GeV2. Then, we can obtain the
lattice version of the coupling as
Alatt.(Q2) = Alatt.(Λ2)
Z(Λ)gl (Q
2)Z(Λ)gh (Q
2)2
Z˜(Λ)1 (Q
2)2
, (11)
where the value of the gluon-ghost-ghost vertex func-
tion is Z˜(Λ)1 (Q
2)2 = 1 in the Landau gauge, and the
UV cutoff squared Λ is determined by the lattice spac-
ing. The resulting lattice coupling (11) has two inter-
esting features: it goes to zero as Alatt.(Q2) ∼ Q2 when
Q2 → 0 and has a a maximum at Q2max ≈ 0.135 GeV2.
These two properties will fix us two parameters.
Altogether we can adjust seven parameters of our
coupling (5), where four come from high energy, one
from intermediate and two from low-energy regime.
This is equivalent to taking three delta functions in (4).
For practical implementation, we need the underly-
ing pQCD coupling a(Q2), and thus ρa(σ) in an explicit
form if we want evaluate the integral in Eq. (5). It is
given by solving the β-function for a specific Pade´ form
[17] whose expansion gives the known MiniMOM co-
efficients c2(MM,N f = 3) = 9.2970 and c3(MM,N f =
3) = 71.4538 [the expansion of this Pade´ β-function
up to ∼ a(Q2)5 reproduces the four-loop polynomial
β-function]. This coupling involves Lambert function
which can be easily implemented in Mathematica soft-
ware. When comparing with lattice results, we must
take into account the following relation between lattice
MiniMOM (MM), [18] and MS-scheme scale conven-
tion
ΛMM
ΛMS
= 1.8968 (for N f = 0);
= 1.8171 (for N f = 3); (12)
In Table 1 we present our results for the free parame-
ters that fulfills the three conditions (i), (ii) and (iii).
In Fig. 1 we show the obtained (N f = 3) running cou-
pling piA(Q2) by solid the line, and the lattice N f = 0
calculations by points. In general our coupling agrees
well with piAlatt.(Q2) at very low Q2 (Q . 0.01 GeV2),
and is lower than the lattice coupling near the maximum
0.001 0.010 0.100 1 10
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Q2GeV2
πA
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(a) αs
MS(MZ) 0.1185
rτ(D=0)th  0.201
Figure 1: The points represent the data obtained for the quenched
lattice coupling from Ref. [16] with their corresponding uncertainties.
And the solid line our new coupling (5) with parameters given in Table
1. We relate momenta in the MiniMOM (MM) lattice scheme to the
usual MS-like scale [5, 6].
(Q2 ∼ 0.1 GeV2). We recall that we do not expect to
have a good agreement between the theoretical and lat-
tice coupling at Q2 . 0.1 GeV2, but only a qualitative
agreement. Even at higher Q2 (Q2 > 1 GeV2), there
is a difference between piA(Q2) and piAlatt.(Q2) of the
higher-twist form ∼ Λ2QCD, and because we are work-
ing with N f = 3 while the lattice results [16] are for
N f = 0. In fact, increasing N f in general decreases
Alatt.(Q2), cf. Fig. 5 of Ref. [19]. Further, the lattice re-
sults concentrate on the deep IR regime, i.e., they had
large lattice volume (L ∼ 10 fm), but not small lattice
spacing, which makes the lattice results [16, 19] unreli-
able at Q2 & 1GeV2
3. Applications
In the present Section we will apply our coupling (5)
with the corresponding parameters given in Table 1 to
some low-energy processes. Due to the condition (i),
we can use OPE with A-coupling in a way analogous
to the OPE with pQCD a-coupling. In particular, due
to Eq.(6) for Nmax = 5, we can include in OPE with
A-coupling unambiguously the terms of dimensionality
D < 10. The relevant programs in the implementation
of this machinery are available and described online in
Refs. [20, 21].
3.1. Borel Sum Rules to τ-decay
The application of dispersion relation to the polariza-
tion (current correlation) function Π(Q2) of the strange-
less vector (V) and axial (A) currents gives us a holo-
morphic (analytic) function in the complex Q2-plane,
for Q2 ∈ C\(−∞,−M2thr] where the hadron production
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Table 1: The seven parameters of the coupling A(Q2): M2j ( j = 0, 1, 2, 3); F j ( j = 1, 2, 3), both in [GeV2]. These values are given for the
representative case: r(D=0)
τ,th = 0.201 and 0.201 ± 0.002; with αs(M2Z ; MS) = 0.1185 ± 0.004.
r(D=0)
τ,th M
2
0 M
2
1 M
2
2 M
2
3 F1 F2 F3
0.201 8.719 0.05 0.247 6.34 −0.038 0.158 0.070
0.203 9.254 0.04 0.329 6.75 −0.020 0.143 0.073
0.199 8.211 0.10 0.143 5.96 −0.245 0.361 0.068
threshold mass is Mthr = M1 ∼ 0.1 GeV. This quantity
is then multiplied by any function g(Q2) [exp(Q2/M2)
in the case of Borel Sum Rules] analytic in the entire
complex Q2-plane, and the Cauchy integral formula can
be applied to the integral of g(Q2)ΠV+A(Q2). With this,
we arrive to the following relation
ReBexp(M2) = ReBth(M2) , (13)
where
Bexp(M2) ≡
∫ σmax
0
dσ
M2
exp(−σ/M2)ωexp(σ)V+A ,
Bth(M2) ≡
(
1 − exp(−σmax/M2)
)
+ Bth(M2; D=0)
+2pi2
∑
n≥2
〈O2n〉V+A
(n − 1)! (M2)n , (14)
and where the leading-twist contributions (D = 0) is
Bth(M2; D=0) =
1
2pi
∫ pi
−pi
dφ d(σmaxeiφ; 0)
×
[
exp
(
σmaxeiφ
M2
)
− exp
(
−σmax
M2
)]
. (15)
The total D(≡ 2n) = 2 contribution in the OPE (14)
is negligible, and we will include there the D = 4 and
D = 6 terms. The advantage of the use of the Borel
sum rules approach is that it is dominant in the low-
σ (IR) regime, and we can extract the gluon (D = 4)
and quark (D = 6) condensates separately, depending
on the choice of the complex argument [when M2 =
|M2| exp(ipi/6), D = 6 term in ReBth(M2) is zero; and
when M2 = |M2| exp(ipi/4), the corresponding D = 4
term is zero].
The experimental data used here are given by OPAL
[22] and ALEPH Collaborations [9, 23]. Our combined
fitting values of the condensates are [6]
〈aGG〉 = −0.0046 ± 0.0038 [GeV4], (16)
〈O6〉V+A = 0.00135 ± 0.00039 [GeV6]. (17)
In Fig. 2, the curves for ArgM2 = 0 are presented,
with the corresponding central values of the conden-
sates obtained from OPAL Collaborations data (close to
(16)-(17) values). We observe that our model applied in
this case (AQCD+OPE approach) agrees well with the
(OPAL) experimental band in the entire presented M2-
interval, in contrast to the pQCD approach which agrees
for the range |M2| & 0.8GeV2.
OPAL exp
AQCD
AQCD 〈aGG〉  0  〈O6〉
MS
0.8 1.0 1.2 1.4
1.05
1.10
1.15
1.20
1.25
1.30
M2GeV2
R
e
B
M
2

ψ  0 , σmax  3.136GeV2
αsMS(MZ )  0.1185
rτ(D=0)th  0.201
Figure 2: Borel transforms ReB(M2) for real M2 > 0. The grey band
represents the experimental results. For comparison, we show the fit-
ted theoretical curve of MS pQCD approach (dotted line). The theo-
retical curve given by our coupling (AQCD) almost agrees with the
central experimental (OPAL) curve.
We note that in the Borel sum rules we used σmax =
3.136 GeV2 in the OPAL case, andσmax = 2.80 GeV2 in
the ALEPH case [5, 6]. We are interested in what hap-
pens when we decrease the value of σmax while keep-
ing the obtained original values of the condensates. In
Fig. 3 for instance, we show the case when σmax =
0.832 GeV2; the AQCD+OPE approach is significa-
tively better than pQCD, the latter is located well out-
side the narrow experimental uncertainty band, and our
approach remains inside in the whole presented range
of M2. Similar results and conclusions given in this
Section are obtained when using ALEPH Collaboration
data [5, 6].
3.2. V-channel Adler functionDV (Q2)
The V-channel Adler function DV (Q2) is related via
dispersion relation with the production ratio R(σ) for
e+e− → hadrons at the center-of-mass squared energy
σ. The V-channel Adler function is
DV (Q2) ≡ −4pi2 dΠV (Q
2)
d ln Q2
= 1 + d(Q2; D = 0)
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OPAL exp
AQCD
MS
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ψ  0, σmax  0.832GeV2
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rτ(D=0)th  0.201
Figure 3: As in Fig. 2, but now for a lower scale σmax = 0.832 GeV2.
The AQCD curve (dashed) is inside the experimental band. Again,
we show the MS pQCD approach (dotted line) for comparison.
+2pi2
∑
n≥2
n2〈O2n〉V
(Q2)n
, (18)
where d(Q2; D = 0) is given by (10), and we estimate
the values of the V-channel condensates from the values
of the V+A channel condensates obtained in the previ-
ous Subsection. With these condensates, we can apply
it using the relation 〈O4〉V+A = 2〈O4〉V (= 2〈O4〉A) for
the D = 4 condensates [11, 12], and vacuum saturation
approximation 〈O6〉V+A ≈ − 47 〈O6〉V for the D = 6 con-
densates [5, 6, 24].
AQCD LT
AQCD LT+HT
MSbar pQCD LT
MSbar pQCD LT+HT
1.0 1.2 1.4 1.6 1.8 2.0
0.0
0.5
1.0
1.5
2.0
Q(GeV)
D
V
Q2

HT: OPAL
αsMS(MZ )  0.1185
rτ(D=0)th  0.201
Figure 4: The V-channel Adler function at Q2 > 0. Experimental
data are denoted by the grey band taken from [25]. The solid lines are
our coupling (5) (or AQCD), and the dash-dotted lines are in the MS
pQCD approach. The dashed line is the leading twist (LT) contribu-
tion inAQCD, and the dotted line in MS pQCD.
In Fig. 4, the AQCD+OPE approach gives results
within the experimental band for all Q2 down to Q2 ≈
1 GeV2, while the MS pQCD+OPE only down to Q2 ≈
2.5 GeV2. We stress that the incorporation of the lattice-
motivated behavior forA(Q2) at |Q2| . 0.1 GeV2 influ-
ences significantly the behavior of A(Q2) in the entire
complex Q2-plane, including in the regime of our prin-
cipal interest, |Q2| ∼ 1 GeV2. The OPE series (18) is
expected to fail always at |Q2| < 1 GeV2
3.3. Bjorken Sum Rule (BSR)
The polarized Bjorken sum rule (BSR) is defined as
integral over the x-Bjorken of the nonsinglet combina-
tion of the proton and neutron polarized structure func-
tions, i. e.,
Γ
p−n
1 (Q
2) =
∫ 1
0
dx
[
gp1 (x,Q
2) − gn1(x,Q2)
]
. (19)
BSR can be written in terms of a sum of two series, one
coming from pQCD and the other from the higher-twist
(HT) contributions dictated by the OPE [26]
Γ
p−n
1 (Q
2) =
gA
6
ENS(Q2) +
∞∑
i=2
µ
p−n
2i (Q
2)
Q2i−2
, (20)
where the nucleon axial charge is gA = 1.2723 [27].We
will include only the first HT term ∼ µp−n4 .
In our analysis it is convenient to exclude the elas-
tic contribution, because the Q2-dependence of the non-
singlet inelastic BSR in low-Q2 regime is constrained
by the Gerasimov-Drell-Hearn (GDH) sum rule [28], as
was pointed out in [29].
The leading-twist (LT) contribution ENS(Q2) was cal-
culated up to N3LO contribution in [30].
In analytic QCD approaches, the powers aν (where ν
is not necessarily integer) get transformed toAν (which
is in general different fromAν), according to the general
formalism of Ref. [15]. We apply it to the twist-4 term
[31]
µ
p−n
4, j (Q
2) = µp−n4, j (Q
2
in)
A( j)ν (Q2)
A( j)ν (Q2in)
. (21)
where ν = 1/8β0. With the corresponding analytization
of the HT term (21) and the implementation in the LT
part, i.e., a(Q2)n 7→ An(Q2) in (20), we can find a fit
for µp−n4, j (Q
2
in) [31]. The resulting value at Q
2
in = 1GeV
2
is µp−n4,3δanQCD(1GeV
2) = −0.019 and the corresponding
plot is given in Fig. 5. We observe that the resulting fit
describes almost the whole available experimental data
(for Q2 & 0.2GeV2) in contrast to pQCD which de-
scribes the data only for Q2 & 0.7GeV2.
4. Conclusions
In this work we have presented a new QCD running
coupling from their dispersive representation. Here we
parametrize the IR regime of the spectral function with
/ Nuclear and Particle Physics Proceedings 00 (2018) 1–6 6
MSbar pQCD
4l3danQCD
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.00
0.05
0.10
0.15
Q2[GeV2]
Γ 1p
-
n
Figure 5: Fits of JLAB and SLAC combined data [32] on BSR
Γ
p−n
1 (Q
2) as a function of Q2, using (four-loop) MS pQCD and our
couplingA given by Eq.(5).
three delta functions. This allowed us to fulfill vari-
ous physically motivated conditions, at high, interme-
diate and low momenta generating a holomorphic run-
ning coupling. The main feature is that in the deep-
IR it behaves as A(Q2) ∼ Q2 as motivated by lat-
tice calculations, and it reproduces the pQCD coupling
at high-momenta. Then we applied it to three differ-
ent low-energy observables and we found that at Q2 ∼
1GeV2 scales our coupling is significantly better than
pQCD+OPE approach.
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